The story begins in 2007 when Ardila computed the Tutte polynomials of the hyperplane arrangements associated to the symmetric groups Sym(n), and to the imprimitive groups G(2, 1, n) and G(2, 2, n).
Definition 1.5. A hyperplane arrangement A in C n is reducible if there exist two nontrivial Hermitian subspaces V 1 , V 2 ⊆ C n , and two hyperplane arrangements A 1 , A 2 respectively in
Definition 1.6. The hyperplane arrangement associated to a complex reflection group G is
The irreducible CRGs were classified by Shephard and Todd [13] . The three infinite families of irreducible CRGs are the symmetric groups Sym(n), the imprimitive groups G(m, p, n), and the cyclic groups C n . In addition there are 34 irreducible primitive groups of ranks 2, . . . , 8 denoted by the symbols G 4 , G 5 , . . . , G 37 . Each irreducible CRG has minimum sets of complex reflections generating it and subject to braid relations [4, Appendix A]. One important result due to Steinberg states that a parabolic subgroup of a CRG fixes a subspace of C n [14, Theorem 1.5]. Another result, particularly substantial for this article, is the recent determination of the normalizers of parabolic subgroups in complex reflection groups by Muraleedaran Krishnasamy and Taylor [9] . Furthermore, CRGs play a key role in the structure as well as in the representation theory of finite reductive groups, and give rise to braid groups and generalized Hecke algebras [3, .
The rank of a hyperplane arrangement A in C n is rk A := n − H∈A H. Definition 1.7. Let G be a complex reflection group, and x, y two variables. The Tutte polynomial T G (x, y) associated to G is the Tutte polynomial of A G , that is
One trivial case is that of the cyclic group C n of rank 1 with which A Cn = {0}, and then T Cn (x, y) = x. For every complex reflection group G, there exist some irreducible CRGs G (1) , . . . , G (m) such that G G (1) × · · · × G (m) [8, Theorem 1.27] , and then
Therefore, the Tutte polynomial associated to every CRG can be computed from Tutte polynomials associated irreducible CRGs. In 2007, Ardila computed T Sym(n) (x, y), T G(2,1,n) (x, y), [5, § 3.4] . The PhD thesis of Geldon particularly consisted on the computing of the three latter polynomials [7] . Then in 2017, Randriamaro extended the Tutte polynomial computing to complex hyperplane arrangement by determining T G(m,p,n) (x, y) [11, § 5] .
Denote by Cl G (X) resp. N G (X) the conjugacy class resp. normalizer of a subset X in a complex reflection group G. Moreover, let C (G) be the set formed by the conjugacy classes of the parabolic subgroups of G, and C (G) * := C (G) \ Cl G (G). This article aims to compute the Tutte polynomials of the remaining irreducible CRGs through the following theorem. Theorem 1.8. Let G be a CRG. We obtain the Tutte polynomials associated to the primitive groups G 4 , . . . , G 22 of rank 2 with the formula
Then, we obtain the Tutte polynomials associated to the primitive groups G 23 , . . . , G 27 , G 29 , . . . , G 34 of ranks 3, 4, 5, 6 with the recurrence relation
Remark that one can also compute the Tutte polynomials associated to G 28 , G 35 , G 36 , G 37 by using Equation 2. Although one can in principle compute the Tutte polynomial using its definition, in practice that may be very cumbersome. Already for the CRG G 30 = H 4 , it takes an enormous amount of computer time and space. Besides, Orlik and Solomon proved that the Poincaré polynomial of the cohomology ring of
Furthermore, another result due to Bessis states that M G is K(π, 1) [2] . This article is organized as follows: We recall the formula of Crapo in Section 2, and use it to prove Equation 1. We prove Equation 2 in Section 3. Then, we use Equation 2 to compute the Tutte polynomials associated to the irreducible CRGs of rank 3 in Section 4, of rank 4 in Section 5, and of ranks 5 and 6 in Section 6. The computings are done with the mathematics software system SageMath.
The Complex Reflection Groups of Rank 2
We begin by exposing the formula of Crapo. The first reason is we use it just after to prove Equation 
Denote by I(B) resp. E(B) the set of internal resp. external active elements of a basis B.
Here is the formula of Crapo [6, Theorem 2.32].
Theorem 2.3. Let A be a hyperplane arrangement in C n with a linear order. Then, the Tutte polynomial of A is
Now, let G be a CRG of rank 2, and define the linear order ≺ on
Therefore,
We deduce the Tutte polynomials associated to the CRGs G 4 , G 5 , . . . , G 22 by replacing #A G to the corresponding cardinalities #A G k listed in Table 1 . Those cardinalities were obtained from [8, 
Proof of Equation 2
We first recall two formulas of De Concini and Procesi in Proposition 3.2. Then we proceed to the proof of Equation 2. 
Denote by P(G) the set formed by the parabolic subgroups of a complex reflection group G. We also need both following properties. 
so form a partition of G. Take two left cosets gN G (X), hN G (X) of N G (X). Since the function f : gN G (X) → hN G (X) defined by f (x) = hg −1 x is bijective with inverse given by f −1 (y) = gh −1 y, then #gN G (X) = #hN G (X). That proves that the number of cosets of N G (X), and consequently #Cl G (X), is equal to G : N G (X) .
We can now proceed to the proof of Equation 2. Using Proposition 3.2, we get
From Lemma 3.3, we get
Finally from Lemma 3.4, we get
The Complex Reflection Groups of Rank 3
In this section are exposed the Tutte polynomials associated to the irreducible CRGs H 3 , J
3 . The computings were done using the cardinalities of conjugacy classes in Table 2 . Note that Table 2 is established by means of Lemma 3.4 and [9, Table 4 ].
T H 3 (x, y) = y 12 + 3y 11 + 6y 10 + 10y 9 + 15y 8 + 21y 7 + 28y 6 + 36y 5 + 6xy 3 
The Complex Reflection Groups of Rank 4
In this section are exposed the Tutte polynomials associated to the irreducible CRGs N 4 , H 4 , O 4 , L 4 . The computings were done using the cardinalities of conjugacy classes in Table 3 In this section are exposed the Tutte polynomials associated to the irreducible CRGs K 5 , K 6 . The computings were done using the cardinalities of conjugacy classes in Table 7 
